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1 Introduction. 

Let I be an ideal in the regular local ring (R, n) such that / C n 2 and let 

A:=R/I, m:=n/I, k := R/n = A/m. 

Let d = dim(A) be the dimension, e the multiplicity and h = v(m) — d the embedding 
codimension of A. We assume that k is a characteristic zero field (see the comment 
after Proposition 12.31) . 

A classical problem in the theory of local rings is the determination of the mini- 
mal number of generators v(I) := dim^J/n/) of the ideal I under certain restrictions 
on the numerical characters of A. For example, by a classical theorem of Abhyankar, 
we know that e > h+1, and if the equality e — h+1 holds we say that A has minimal 
multiplicity and we know that v(I) = 

In a sequence of papers Rosales and Garcia- Sanchez proved the following results 
in the case A is the one dimensional local domain corresponding to a monomial 
curve in the affine space, see, [1], [3], [B]. By very hard computations related to the 
numerical semigroup of the curve, they were able to prove that 
If/i + 2<e</i + 3, then 




*2000 Mathematics Subject Classification. Primary 13H10; Secondary 13H15; 
Key words and Phrases: Gorenstein ideals, Artinian rings, Hilbert functions, number of gene- 
rators. 

t Partially supported by MTM2007-67493 

■^Partially supported by the Consiglio Nazionale delle Ricerche (CNR) 



1 



If/i + 2<e</i + 4 and A is Gorenstein, then 

•CD-fjV CO 

We remark that the monomial curve {t s : t 10 : t 12 : t 15 } shows that (j2J) does not hold 
if e = h + 5, see [6]. 

On the other hand, the monomial curve {t 7 : t 8 : t 10 : t 19 } shows that the upper 
bound in p]) does not hold if e = /i + 4. In the same paper it is asked whether it is 
true that, with e = h + 4, one has 

( 2 J-«= ( 2 J-3<.(/)<( 2 J+l. (3) 

A first motivation for our paper was to understand these results and to extend 
them to the general case of a local Cohen-Macaulay ring of any dimension. 

A sharp upper bound for the minimal number of generators of a perfect ideal / 
in a regular local ring R, has been given in [2] in terms of the multiplicity e and of 
the codimension h of R/I. The bound is 

v{I) < i^ + t ~ l ^j -r + r^, 

where the meaning of r, t and r <t> will be explained in the Section [2j In the same 
section we will also prove that 



. 2 , 



-e < v(I) 



holds for every perfect codimension h ideal J in a regular local ring R, see Proposition 
( 12. 2p . Further we will see how these bounds extend (pQ) to a considerable extent and 
positively answer question ([3]) in a very general setting. 

As for (|2j), the problem is much harder. We have a Gorenstein local ring (A = 
R/I,m = ti/J) of codimension h and multiplicity h + 2<e<h + 4 and we want 
to determine the minimal number of generators of I. It is easy to see that we may 
assume that A = R/I is artinian; since A is Gorenstein, the possible Hilbert function 
of R/I are 

(l, M), (i A i, i), (i A 2, l), (l, M, i, i), 

so that, in any case, v(m 2 ) < 2. 

Following Sally (see |S]), we say that an Artinian local ring (A, m), not necessarily 
Gorenstein, is stretched if v (m 2 ) = 1. We call Almost stretched an Artinian local 
ring such that t>(m 2 ) = 2. 
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With this notation, we strongly extend (|2J) if we can prove that if R/I is Goren- 
stein, stretched or almost stretched of multiplicity e and codimension h, then v(I) = 

By the classical theorem of Macaulay on the shape of the Hilbert Function of a 
standard graded algebra, the Hilbert function of A is given by: 
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with (s > 2) if A is stretched, or by 
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with s > t > 2, if A is almost stretched 

The particular shape of the Hilbert function can be used to prove that 



'/i + r 
f h + ? 



1 < v(I) < 



2 < v{I) < 



7i+l N 

%+ r 



if A is stretched, 



if A is almost stretched. 



The case of stretched Artinian Gorenstein local ring has been studied by J. Sally 
in [8] where she was able to prove a structure theorem for the corresponding ideals, 
see also [7] . We extend this result to the case of stretched Artinian local rings of any 
Cohen-Macaulay type. But an unexpected and deeper result which we will prove in 
this paper, is a structure theorem for any almost stretched Gorenstein local rings. 

These results are proved in Section 3 and 4, Theorem 13.11 and Theorem 14.11 
respectively. 

Of course, as a consequence, we get even more of what we wanted, namely: 



v(I) 
v(I) 



h+l 
2 

h+l 
2 



1 if A is stretched and t(A) < h, while v (I) = otherwise; 
1 if A is almost stretched and Gorenstein. 



Another motivation for our paper came from a recent work by Casnati and 
Notari (see PQ). Let TCilbp^i^k) denote the Hilbert scheme parametrizing closed 
subschemes in P£ with given Hilbert polynomial p(t) G Q[t], 

The case deg(p(t)) = is often problematic. Since it is known that any zero- 
dimensional Gorenstein scheme of degree d can be embedded as an arithmetically 
Gorenstein non-degenerate subscheme in P^ -2 , it is natural to study the open locus 

Hilbf(F d k - 2 ) C mib d (F d k - 2 ). 
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The scheme Tlilb^ G (¥f~ 2 ) has a natural stratification which reduce the problem 
to understand the intrinsic structure of Artinian Gorenstein k-algebras of degree d. 
Since such an algebra is the direct sum of local, Artinian, Gorenstein k-algebras 
of degree at most d, it is natural to begin with the inspection of these elementary 
bricks. 

If d — 6, the bricks are all given by stretched local rings, save for the case of 
Hilbert function (1,2,2,1) which is almost stretched and was studied deeply by 
Casnati and Notari. 

If we want to extend the above results to the case d > 7, the first step is to 
study the intrinsic structure of Artinian Gorenstein local algebras with multiplicity 
7. Since the Hilbert function (1,2,3, 1) is not allowed, an Artinian Gorenstein ring 
(A, m) with multiplicity 7 is stretched or almost stretched. See [3] for more results 
on the classification of Artin algebras. 

Hence, the structure theorems we will prove in the next sections will give light 
to these questions too. 

It is clear that the best would be to have a classification up to isomorphisms 
of artinian Gorenstein k-algebras of a given Hilbert function, at least in the almost 
stretched case. We approach this very difficult problem in the last part of the paper, 
where we give a classification of Artinian complete intersection local k-algebras with 
Hilbert function (1, 2, 2, 2, 1, 1, 1). This example is significant because the parameter 
space has a one-dimensional component. 

2 Upper and lower bounds for v(I). 

Let (R, n) be a regular local ring, I an ideal in R. Let us assume that (A = Rj J, m = 
n/I) has dimension d, embedding codimension h and multiplicity e. We denote by 
Ha the Hilbert function of A 



n > 0. The socle degree of an Artin ring A is the last integer s = s(A) such that 
Ha(s) 7^ 0; the Cohen- Macaulay type of A is 



A sharp upper bound for v(I) can be given by using the notion of lex-segment 
ideal as in |2j. We recall that the associated graded ring of A can be presented as 
gr m (A) = gr n (R)/I*, where I* is the ideal generated by the n-initial forms of I in 
the polynomial ring S = gr n (R). This implies that the Hilbert Function of A = R/I 
is the same as the Hilbert Function of the standard graded algebra S/I*. 

A set of elements in I whose n-initial forms generate I*, is called a standard basis 
of /. Since it is easy to see that a standard basis is a basis, we have the inequality 




t(A) := dirrik(0 : m). 



v(I) < v(P). 
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On the other hand, by a classical result of Macaulay, any homogeneous ideal P 
in the polynomial ring S = k[Xi, . . . , X n ] has the following property: the number of 
minimal generators of P is less than or equal to the number of minimal generators 
of the unique lex-segment ideal Pi ex , which has the same Hilbert Function of P. 

Hence, given the ideal I in the regular local ring (R, n) and the corresponding 
lex-segment ideal l\ ex := (I*)i ex hi S :— gr n (R), we have 

v{I) <v(P) <v(I lex ). (4) 

More difficult is to get a bound only involving the multiplicity and the codimen- 
sion. Namely one has to compare the number of generators of all the lex-segment 
ideals having the given multiplicity and codimension. This has been done in [2] 
where the following bound has been proved. 

We need some more notations. If n and i are positive integers then n can be 
uniquely written as 

- ('?)+ (1:?) + + (?) 

where n(i) > n(i — 1) > • ■ ■ > n(j) > j > 1. This is called the i-binomial expansion 
of n. We let 

n<l> = ^n(i) + 1\ + (n{i - 1) + + + ^n(j) + l\ ^ 

Given two positive integers e, h with e > h + 1 we define t as the unique integer 
such that 

and 

M + t- A 

r := e — 

v *-i ; 

The main result in [2] shows that, for every perfect codimension h ideal I in the 
regular local ring R with J C n 2 and e(R/I) = e, we have 

v(I) < ( h + t ~ 1 ) _ r + r .<*>. (5) 



For example if /i > 3 and e = h + 2, then t = 2, r = 1 and we get t>(/) < ^ ^ j ■ The 
same bound holds also for e = h + 3, see ([I]). 
Instead, if e = /i + 4 we get t = 2, r = 3 and 

^(T)-3 + 3<^(T)-3 + ^(^) +1 , 

see (EJ). The same bound holds also for e = h + 5. 

A lower bound for v(I) follows from the following easy lemma. 
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Lemma 2.1. Let A = R/I be a local Artinian ring with multiplicity e and embedding 
codimension h. We assume that I C n 2 . Then we have 

Proof. It is clear that the Kernel of the epimorphism 

n 2 /n 3 -> m 2 /m 3 = (n 2 + J)/(n 3 + 7) -> 
is (n 3 + 7)/n 3 = 7/(n 3 n 7). Since In C n 3 n 7, we get 

,(n 2 )-,(m 2 )=^ + 1 )-,(m 2 )<,(7). 

Notice that we have e = Z)i=o l '( ml )) "where s is the socle degree of A, so that 
e > 1 + h + v(m 2 ) and 

□ 

As a consequence of this lemma we get a lower bound for the number of generators 
of perfect ideals in a regular local ring which, at least for low multiplicity, seems to 
be useful. 



Proposition 2.2. Let Let A = R/I be a local Cohen- Macaulay ring with dimension 
d, multiplicity e and embedding codimension h. We assume that I C n 2 . Then we 
have 

I ]-e <«(/)< I l-r + r^. 

Proof. Let J = be a maximal n-superficial sequence for A. Since A is 

Cohen-Macaulay, x%, Xd is a regular sequence modulo 7 so that 7 fl 7 = 77. Let 

I=(I + J)/J, R = R/J, A = A/{x 1 ,...,x d )A = R/I, m = m/7. 

Then we have 

v(l) = dim fc (7 + 7/n7 + 7) = dim fe (7/n7 + 7 n 7) = dim fe (7/n7) =v(I). 

We know also that the multiplicity of A is the same as the multiplicity of the Artinian 
local ring A/(x±, ...,Xd)A. Finally 7 and 7 share the same embedding codimension 
because h = v(m) — d = v(m). The lower bound now follows from Lemma [27TT while 
the upper bound is given by (jSJ). □ 



6 



In the next section we are going to establish structure theorems for stretched local 
rings and for almost stretched Gorenstein local rings. One of the main ingredient 
will be the following result which will be used several times later and is reminiscent 
of the lean basis notion introduced by J. Sally in [8]. 

In the proof of the following Proposition we need to know that if the characteristic 
of k is 0, then a Borel fixed monomial ideal K is strongly stable. This 
means that K satisfies the following requirement: for any term M G K and any 
indeterminate Xj dividing M, we have Xi(M/Xj) G K for all 1 < i < j. 

Proposition 2.3. Let (A, m) be an Artinian local ring of embedding dimension h and 
socle degree s such that the characteristic of the residue field k is and v (m 2 ) < 2. 
Then we can find a minimal basis x%, . . . ,Xh of m such that 

™ J = (4)> J = 2, 

if A is stretched, while 

■ J (4,4 _1 a; ft _a) j = 2,...,t 
rtr = < 

IK) j = t + i,..., s 

if A is almost stretched. 

Proof. We prove the proposition in the case A is almost stretched, because the other 
case is easier. Let m = (ai, . . . , we know that the Hilbert function of A is the 
same as the Hilbert function of gr m (A) = fc[£i, . . . , £h] = S/ J where & := al G m/m 2 , 
S = k[X ly . . . , X h ], and J is an homogeneous ideal of S. Further, the generic initial 
ideal gin(J) of J is a Borel fixed monomial ideal which is then strongly stable. 

We claim that, after a suitable changing of coordinates in S, which corresponds 
to a changing of generators for the maximal ideal m of A, we may assume that a 
basis for Sj modulo gin{J)j is given by X J h , X 3 ^ 1 X h _i for j = 2, . . . ,t, and by X J h 
for j = t + 1, . . . , s. 

In order to prove the claim, we need only to remark that if a monomial ideal K 
is strongly stable and Kj ^ Sj, then X 3 h ^ Kj, and if dim.k(Sj / Kj) > 2, then also 

XfX^y $ Kj. 

Since gin(J) is an initial ideal, the same monomials form a basis also for S 
modulo J. The conclusion follows because we have for every j > 

□ 

Because of this Proposition, we will always assume in the paper that the residue 
field k has characteristic zero. 

Remark 2.4. Notice that if the codimension is bigger than two, the argument used 
in the proof of Proposition 12.31 is not true anymore. Take for example the ideals 
{Xf, X1X2, X1X3) and (Xf,XiX 2 ,X%) which are strongly stable of codimension 
three in k[Xx,X 2 ,Xs\. 
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3 Stretched local rings 



We recall that in [8] J. Sally studied several properties of stretched local rings and 
proved a structure theorem for stretched Artinian local rings in the Gorenstein case. 
Here we extend the result to any Cohen-Macaulay type. 

Theorem 3.1. Let I be an ideal in the regular local ring (R,n) such that I C n 2 
and A := R/I is Artinian. Let m := n/I, h := v(m) and r the Cohen-Macaulay type 
of A. 

(1) If A is stretched of socle degree s and r < h, then we can find a basis {x\, . . . ,Xh} 
of n such that I is minimally generated by the elements {xiXj}i<i<j<h, {^|}2<j<r, 
{xf — UiXl} T+ i<i<h, where the are units in R. 

(2) If A is stretched of socle degree s and r = h, then we can find a basis {x\, X2, ■ ■ ■ , Xh] 
of n such that I is minimally generated by the elements {%iXj}2<j<h, {xiXj}2<i<j<h 
and x{ +1 . 

Proof. By Proposition 12.31 we can find an element y\ 6 m,?/i ^ m 2 such that y[ ^ 
and m- 7 = (y{) for 2 < j < s. We remark that this implies y{ ^ m J+1 for every 
l<J<s. 

Lemma 3.2. We have 

(0 : m)f)m 2 = m s . 

Proof. If s — 2 there is nothing to prove, hence let s > 3. If a 6 : m and a € m 2 , 
then a = y\u and we get = y^a = yfu. Since s > 3, this implies u G m, otherwise 
yf = 0. Hence a G m 3 ; going on in this way we get a G m s as wonted. □ 

Since y\ G : m and y\ ^ 0, we can find elements y 2 , ■ ■ ■ ,y T G m such that 
{yf, |/ 2 , ... , y T } is a basis of the k-vector space : m. 

Lemma 3.3. The elements yx, y 2 , ■ ■ ■ ,y T are part of a minimal basis of m. 

Proof. If Y7i=\ ^iUi £ ni 2 , then Ai G m, otherwise y\ G : m + m 2 and y\ G m 3 , a 
contradiction. Thus we get 

T 

and, for some t G R, Y7i=2 ^iVi + tyi = 0- This implies A, 6 m for every i, because 
{?/2, ■ ■ • , 2/t, yf} is a basis of the k = A/m vector space : m. □ 
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Of course we can complete the set {yi, 1/2, ■ ■ ■ ,y T } to a minimal basis of m, say 
™ = (yi,y 2 , ■ ■ ■ ,y T ,z T+ i, . . . ,z h ). Now, if j > r + 1, we have y x Zj G m 2 , hence 
y\Zj = yft and Zj — y%t G : y\. By replacing Zj with Zj — ?/it in the minimal 
generators of m, we may assume that 

m = (1/1,1/2, • • .,y T ,yr+i, -..,yh) 

with 

y 2 , • • • ,y T e : m, y T+ i, . . . ,y fc G : (6) 

Let us first consider the case r < h. 

If we choose i and j so that r + l<i<j<h, we have 

2/i%m C y,m 2 = ^(y 2 ) = 0. 

Hence yiyj G (0 : m) D m 2 = m s = (yf), and we can write g/ij/j = u^yf where Uij G m 
if and only if y^yj = 0. 

If we let J := (y T+ i, . . . ,yh), we may define an inner product in the k- vector 
space V := J / Jm by letting 

< yl,y]>:= Wj G A/m = k. 

This is well defined. Namely, let yi = Pi + Zi with pi G J and Zi G Jm; since 
J C : y%, we get 

S/i2/j - PiPi = (Pi + + %) - PiPj ^ Jm 2 = y 2 J = 0. 

Since the characteristic of k is not two, the inner product can be diagonalized. This 
means that the generators of m can be chosen to satisfy 

ViVj = ( 7 ) 

for every r + l<i<j<h. This implies that for every r + 1 < i < h, we must 
have yf 7^ 0, because, if yf = 0, we would get yi G : m, a contradiction. Hence, for 
every r + 1 < i < h, we will have 

Vi = Uiyl (8) 

with Ui £ m. 

As a consequence we can prove the first part of the theorem. Let Xi G n such 
that Xi = yi. From (J6J), (JTj) and (ED, it is clear that all the elements 

are in /. Let J be the ideal they generate; then J C / so that Hn/i{n) < Hr/j(ti) 
for every n > 0. We claim that we have equality above for every n > 0. Namely we 
have 

x\ +l = (uhj^xxxl G J 
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so that I* D J* D K where K is the ideal in S = k[X 1 , . . . , X h ] generated by X{ +1 
and all degree two monomials except Xf. Since the Hilbert function of S/K is the 
same as the Hilbert function of R/I, the claim follows. 

From the claim we get that R/J and R/I have the same finite length so that 
the canonical surjection Rj J — > R/I is a bijection and I = J. 

Finally, the given elements are a minimal basis of / because the generators of n 
are analitically independent. 

We come now to the case r(A) = h. 

In the case the Cohen-Macaulay type of A is h, the maximum allowed, we get by (J6]) 
m = (yi, y 2 ,..., Vh) where (y 2 , . . . , y h ) C : m. This implies that y x y { = for every 
i — 2, . . . , h and y^y^ = for every 2 < i < j < h. Further we also have yl +1 = 0. 
The conclusion follows as in case i), but is even easier because the generators of J 
are monomials. □ 

Remark 3.4. It is clear that, for a stretched local ring A = R/I of maximal type, 
the minimal set of generators of / we have found in the above theorem are a standard 
basis for I. Namely we have that I* is the ideal generated by and the degree 

two monomials in S, except for Xf. This is not true in the case t(A) < h. In this 
case, the initial forms of the generators of / in S — gr n (R) = k[X 1; X 2 , . . . , X h ] are 
the degree two monomials in S, except for X\. The ideal I* is, as before, the ideal 
generated by X{ +1 and the degree two monomials in S, except for X\. 

Remark 3.5. It is clear that, given two integers 1 < r < h and a regular local 
ring (R, n) with maximal ideal n minimally generated by (x±, x 2 , ■ ■ ■ , Xh), the ideals 
/ generated as in Theorem 13. II have the property that A := R/I is a stretched local 
ring of type r. 

We have proved that if R/I is a stretched Artinian local ring of embedding 
dimension h, Cohen-Macaulay type r < h and socle degree s, then we can find a 
minimal system of generators x%, . . . , x^ of n such that 

I = ({^i^j}l<i<j<h, { x 'j}2<j<r, {xl — UiXl} T+ i<i<h) 

where the Ui are units in R. For every u = (uj)j =T+ i t ,,, t h, we let I(u) such an ideal. 

We will use several time the following easy and well known Lemma that is a 
consequence of Hensel's Lemma. 

Lemma 3.6. Let (A, m) be an Artinian local ring with residue field k and let a be 
an element in A such that a G k*. If b = a for some b G k, then c n = a for some 
c G A, c <fc m. 
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Proposition 3.7. Let I(u) as before and assume that the residue field k = R/n 
verifies k 1 / 2 C k. Then we can find a system of generators yi, . . . , y^ of n such that 

I(u) = ({yiVj}l<i<j<h, {Vj}2<j<T, {Vi - y{} T +i<i<h)- 

Proof. Since k 1 / 2 C k, by the above Lemma we can find, for every i — r + 1, . . . , h, 
elements V; L G R such that vf = 1/ui mod I(u). Hence v « ^ n and we get 

vfxl - X{ {l/u^x] -X{ = (l/Ui^xf - UiX{) ^ 0. 

This proves that if we let 

Vi = Xi, for i = l,...,r, yi = ViXi for i = t + 1, . . . ,h, 

then 

({yiVj}i<i<j<h, {y|>2<j<r, {y^ - ^i}r+i<i<ft) Q i(u)- 

Since the two ideals have the same Hilbert function, they must coincide. □ 



4 Almost stretched Gorenstein local rings 

In this section we are considering Artinian local rings (A, m) such that the square 
of the maximal ideal is minimally generated by two elements. Recall that in Section 
1 such a ring A has been called almost stretched. If A is almost stretched and 
Gorenstein, the Hilbert function of A is given by 
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with h > 2 and s > t + 1 > 3. 

The structure result for almost stretched Gorenstein local rings will be a conse- 
quence of the following theorem. 

Theorem 4.1. Let (A, m) be an Artinian local ring which is Gorenstein with embed- 
ding dimension h. If A is almost stretched, then we can find integers s > t + 1 > 3 
and a minimal basis x±, . . . , Xh of m such that 

for j = Z,...,h 
for2<i < j < h 
for j = 3,..., h 



with suitable w, u^, . . . , Uh ^ tn and a G A. 



X\Xj = 

CC i CC j — 
9 s 

«X' ^' Lb j iAj ^ 

x\ = ax\Xi + wx{~ t+1 
x\x 2 = 



11 




, \(x{,x{ x 2 ) j = 2,...,t 



Proof. By Proposition 12.31 we may assume that m = (xx, . . . , Xu) with 

j = t + 1, . . . , s. 

We claim that we may assume also (x 3 , . . . , Xh) Q (0) : X\. Namely, for j > 3, we 
can write x\Xj = bjx\ + CjX\x 2 , hence X\(xj — bjX\ — CjX 2 ) = 0. We get the claim by 
replacing xj with Xj — bjX\ — CjX 2 for every j > 3. This means that we have 

Xix 3 = X1X4 = ■ ■ ■ = xiXh = 0. (9) 

Further, since m* +1 = (a;* +1 ), for some c G A, we have 

x\x 2 = cx\ +1 . (10) 

Let y 2 := x 2 — cxi, then 

x\y 2 = x\{x 2 — cxi) = x\x 2 — cx^ +1 = 0. 

Since x 2 is not involved in equations ([9]), we may replace x 2 with y 2 in the generating 
set of m. Hence we may assume that 

x\x 2 = 0. (11) 

We notice that x\~ 1 x 2 ^ m s , otherwise x l {~ x x 2 G m m , a contradiction to the fact 
that minimal basis of m*. This implies that x\ l x 2 cannot be in the 

socle of A. Since by (HU) and © 



x\ 1 x 2 G (0) : (xi,x 3 , . . .,x h ), 

we must have 

x^xl ^ 0. (12) 
We want to prove now that we can find a G A, w m such that 

x\ = ax\x 2 + wx{~ t+1 . 

In order to prove this we need the following easy remarks. 

Claim 1. If for some r,p G A and n > 2 we have x\ = rx\x 2 +pxi, then n < s — t+1. 
If further p m, then n — s — t + 1. 

Proof of Claim 1. We have 

x*f l xl = x\~ 1 (rx 1 x 2 + px™) = px1 +t ~ l 

because by (TTTj) x\x 2 = 0. Since by ([12]) x 1 y X x\ 7^ 0, this implies n + t — 1 < s. 
We have also px™ = £2(^2 — rxx), hence, if p ^ m, x™ = t>£2 for some t> G A As a 
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consequence we get x n+i = v x\x 2 = 0. Since x f 7^ 0, we have n + 1 > s + 1 and the 
conclusion follows. 

Claim 2. If for some n > 2, a G A and b G m, we have X 2 . = ax\x 2 + foe™ then for 
some c, d G A we have x 2 = CX1X2 + dx1 +1 . 

Proof of Claim 2 . This is easy because by ([9]) xiXj = for every j > 3. 

Claim 3. If for some a, 6 G A we have £2 = ^1^2 + &Xi~* +1 then 6 ^ m. 
Proof of Claim 3. If, by contradiction, 6 6 m, then by Claim 2 and 1 we get 

8-t + 2<S-t+l. 

Since m 2 = (x 2 , xix 2 ), we have x\ = ax\x 2 + bx\ for some a,b G A. Thus, as a trivial 
consequence of these three claims, we get that for some a G A and w m 

x 2 , = ax\X 2 + wxl~ t+1 . (13) 

Now we recall that for every j > 3, we have by (Q 

Xj\n 2 = Xj(xi, X\X 2 ) = 0, 

so that, by using the Gorenstein assumption, we get 

i j mC(0):m=(x s 1 ). (14) 

Let us consider the ideal J := (23, . . . , Xh). By (JUL for every 3 < i < j < h, we 
have XjXj = UyX^ with Uij G A. We notice that if we have also x-iXj = Wijx{, then 
(liij — Wij)x\ = 0, which implies — Wij G m. 

Hence we may define an inner product in the k = A/m-vector space V := J / Jm 
by letting 

< x~i, x] >:= uij G A/xtl 

and extending this definition by bilinearity to V x V. 

Since the characteristic of k is not two, the inner product can be diagonalized. 
This means that we can find minimal generators y^, . . . , of J such that y. t yj = 
for i 7^ j. If we replace x 3 , . . . , x^ with y 3 , . . . ,y h m the generating set of m, it is clear 
that equations (TTT|) . (IT5|) and (IT4"|) are still valid. Thus generators xi,...,Xh of 
m can be chosen so that 

XiXj = (15) 
for every i and j such that 3 < i < j < h. 
From (1141) and for every j > 3 we have 

with uj G A. We claim that Uj £ m for every j > 3. 
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In order to prove this claim, let us remember that again by (fl4"l) we have 

for every j > 3 and suitable cij G A. We fix j > 3 and let 

p := wxj — ajx t 1 ~ 1 X2- 

Since w ^ m, it is clear that p ^ m 2 so that p ^ m s C m 2 . This implies that p 
cannot be in the socle of A. We will use the following equalities: 

x\Xj = for j > 3 see ([9]) 

= see ( fTTT) 

a; 2 = axix 2 + wxi _t+1 see ( TT3|) 

XjXk = for 3 < j < k < h see ( TT5i) 

We have 

pa;i = wxiXj — ajx\x2 = 0, 

px2 = wx2Xj — ajX l Y X x\ = wdjxl — ajX t {~ 1 (axiX2 + wx{~ t+1 ) = wajx\ — wajx\ = 0, 
pxk = wXjXk — ajx\~ 1 X2Xk = if k > 3, k ^ j, 

2 t—1 s 

pX j — — ZUXj (XjX-y X2X j — — UJUjX^. 

Since p cannot be in the socle, we must have Uj ^ m. This proves the Claim. 

As a consequence we may assume that for every j > 3 and suitable Uj ^ m we 
have 

■'■j »,-'•;• (is) 

We come now to the last manipulation of our elements. As a consequence of the 
above claim, we may consider the element 

h 

2/2 := x 2 - J^u^aiXi. 

i=3 

For every j = 3, . . . ,h we have by using ( fT5l) 

h 

E ! s —\ 2 s — 1 s r\ 

U^ CLiXiXj = CLjX-^ — Uj CtjXj = CLjX-^ — Uj CLjUjX-^ = U. 

i=3 

Further we have 

h 

x\x 2 = x\(y 2 + ^uj 1 a i x i ) = x\y 2 . 

i=3 
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Finally let d := x 2 — Vi = Yh=3 a i x i- Then d G J '■— (x^, . . . , Xh) and we have 

x\d = y 2 d = 0. 
Since, by f |T4|) . Jm C (xf), we have 

d 2 = px* 

for some p G A. It follows that 

X 2 , — ax\x 2 — wx\~ t+1 = (y 2 + d) 2 — axi(y2+d) — wx\~ t+1 = y 2 +d 2 — ax\y 2 — wx\~ t+l = 

= y 2 — ax\y 2 — wi s f i+1 + px\ = y\ — axiy 2 — (w — px^ - 

where w — px 1 ^ 1 4 m. 

Thus we may replace x 2 with y 2 and finally we get a basis a?i, . . . ,x^ for m so 
that 

for j = 3, . . . , h 
for 2 < « < j < h 
for j = 3, . . . , /i 

□ 

As a consequence of this theorem we get a structure theorem for almost stretched 
Artinian and Gorenstein local rings. 



: 





x) = 

O o f I 1 

X2 = ax\x 2 + raj 







with suitable w, 113, . . . , Uh 4. m and AG A 



Corollary 4.2. Let (R, n) 6e a regular local ring of dimension h and I C n 2 an ^c/ea/ 
suc/i £/ia£ (A = R/I,m = n/J) «s almost stretched Artinian and Gorenstein. Then 
there is a minimal basis X\, . . . ,Xh of n such that I is minimally generated by the 
elements 

{xiXj}j=3,...,h {xiXj} 2 <i<j<h itf - UjX*}j= 3 ,...,h x\- axxx 2 - wx{~ t+1 , x\x 2 . 
with w, u 3 , . . . , Uh 4 n and a E R. 

Proof. By the Theorem 14.11 we can find a basis Xi, . . . , x^ of n such that the ideal 
J generated by the above elements is contained in I. We need to show that / is 
indeed equal to J. We first remark that modulo J we have 

2 

~s+i _ _t„s-t+i ~ t x 2 - axix 2 ^ t x 2 - axi ^ 

x 1 — 11 — 1 — x 1 x 2 — u 

so that G J. 
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Passing to the ideals of initial forms in the polynomial ring 

S = gr n (R) = ©^oK/tv^ 1 ) = (R/n)[X u . . .,X h ], 

we have 

I* D J* D K 

where K is the ideal in S generated by the elements 

{ x i x j}j=3,-,h {X i X j } 2 <i < j<h h X{X 2 , X{ +1 

and the quadric Q := X\ — HX\X 2 in the case s > t + 2, or Q := X\—HX\X 2 — wX\ 
in the case s — t + 1 . 

In both cases we have XjSi C K for every j > 3 so that 

(K + (X 3 ,...,X h )) n = K n 

for every 1. This implies that for every 1 

H S /K(n) = H s/{K+{X3 ^ Xh)) (n) = # k[Xl ,x 2 ]/(Q,x<x 2 ,x 1 s + 1 )( n )- 

Now we compute the Hilbert Function of the graded algebra k[Xi, X 2 \j (Q, X{X 2 , X( +1 ] 
We let B := k[X l5 X 2 j; in the case Q = Xf — aX 1 X 2 = X 2 (X 2 — aXj, we have an 
exact sequence 



- S/(X 2 - aX^XDi-l) H B/(Q,X[X 2 ) - B/(X 2 ) 
which enables us to compute the Hilbert Series of B/(Q,X\X 2 ): 

Pb/(Q,X{X 2 )( Z ) = z PB/(X 2 -aX u X{)( z ) + Pb/{X 2 ){ z ) = 

z{\ -z){\ -z l ) + (l-z) _ 1 + z- z t+1 
~ (1 - z) 2 ~ l^~z 

which gives the Hilbert Function 










1 


2 




t 


t+1 




s 


s+1 


s+2 




1 


2 


2 




2 


1 




1 


1 


1 





Since X^ +1 <£ (Q,X{X 2 ), the Hilbert Function of k[X u X 2 ]/(Q, X{X 2 , Xf +1 ) is 
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so that the Hilbert Function of S/ K is 
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2 
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t+1 


t+2 
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s+1 
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1 
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16 



the same as that of S/I*. 

In the case s = t + 1 we have Q = Xf — 0X1X2 — wXf with w 7^ 0. Hence 
{Q,X[X 2 } is a regular sequence and k[Xi, X 2 ]/(Q, X*X 2 ) has Hilbert Function 






1 


2 




t 


t+l=s 


t+2 


1 


2 


2 




2 


1 






We remark that in this case we have Xf e (Q, X 2 ) so that 

= X t+2 = x t x 2 e (Q ;X JX 2 ). 

In any case we have proven that S/ I* and S/ K have the same Hilbert Function. 
This implies that I* = J* = K so that the Hilbert Function of R/I and R/J 
are the same. Hence R/I and R/J have the same finite length, so the canonical 
epimorphism R/ J —>■ R/ 1 is an isomorphism and I = J as claimed. □ 

Remark 4.3. Notice that in the proof of Corollary 14.21 we describe the ideal J*: is 

generated by 

{XiXj}j = 3^ ^h {XiXj}2<i<j<h {X|}j = 3 v .. j /j x{x 2 , X^ +1 

and the quadric Q := X| — aXiX 2 in the case s > t + 2, or Q := Xf — aXiX 2 — uJXf 
in the case s = t + 1, with w 7^ 0, a G k. 

We want to prove now the converse of the above result. Notice that for the next 
Lemma we even do not need neither regular nor local. 



Lemma 4.4. Let B a ring, t > 2, h > 2, s > t + 1 and n = (x\, . . . , Xh) an ideal in 
B. Let J be the ideal generated by 

{pC\Kj}j=3,...,h { x i x j}2<i<j<h {^j — u j x l\j=3,...,h x \ ~ aX\Xi — Wx\ t+ , x\x%- 

If w is a unit in B, then 

n s+1 C J. 

Proof. For every i 7^ j, save for = (1, 2), we have 
For every 3 < j < h, 

x) E J + (xl), 

and since s — t + 1 > 2, 

xl G J + (xl, X1X2). 
We claim that for every r > 2 we have 

xf C J + (x r 1 ,x r 1 ~ 1 x 2 )- 
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If r = 2, we have n 2 C J + (x\ ) xix 2 ) by the above three properties. Let us 
proceed by induction on r. We have 

n r+1 = tm r C J + n(x[, x[~ 1 x 2 ) = 

= J + (x 1 ,x 2 )(x r l ,x r 1 ~ 1 x 2 ) = J + (x r l +1 ,x[x 2 ,x r 1 ~ 1 xl). 
The claim follows because x\ G J + (re 2 , xix 2 ), so 

x\' l x\ e J + (xi +1 ,xjx 2 ). 

From the claim we have n s+1 C J+ xfa^)- Since s > t, we get xfx2 G (a^a^) ^ 
J; on the other hand, since w is a unit we get modulo J the equalities 

= (x\/w)wx{~ t+1 = (x[/w){xl - ax lX2 ) 0. 

The conclusion follows. □ 

We come now to a very crucial step in our way. 

Lemma 4.5. Let R be a regular local ring of dimension h > 2, n = (x±, . . . ,Xh) 
the maximal ideal of R, s > t + 1 > 3 and a,u 3 , . . . ,Uh,w G R. Let L be the ideal 
generated by 

{xiXj} j=3> ... th {xjX i } 2 <i<i</ l {x) - UjZi}j=3,...,fc q ■= x 2 ~ ax x x 2 - wx{~ t+1 , x\x 2 . 

Ifu 3 , ...,u h ,w$n, then 

(1) xT*, ~xi t ~ 1 x 2 G (n* + L)/(n t+1 + I) are (R/n) -linearly independent elements, 

(2) x{ i J. 

Proof. In order to prove (1) we need to show that if \x[ + fix\~ 1 x 2 G I + n m , then 
A, fx G n. It is clear that if \x\ + lix\~ 1 x 2 G / + n m , then 

Ax* + //x*f e/+ n m + (x 3 , . . . , = (x 3 , . . . , x h ) + (x u x 2 ) t+1 + (xj, x\x 2 , q) 

= (x 3 , ...,x h ) + (x u x 2 ) t+1 + (q). 

Let's read the above condition in the two dimensional regular local ring T := 
R/(x 3 , . . . , Xh), whose maximal ideal is generated by the residue class of Xi and 
x 2 modulo (x 3 , . . . ,Xh)- By abuse of notation, we again denote these elements by 
Xi,x 2 and the maximal ideal of T by n. We have 

Xx\ + ixx\~ 1 x 2 = eq + z 

where z G n m . This implies that eq G n*. If eq G n m , the conclusion follows by the 
analytic independence of x\, x 2 . If eq ^ n m , then since q = x\—axix 2 —wx\~ t+1 G n 2 , 
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we have e G n* 2 , e ^ n* 1 . By passing to the associated graded ring (T/n)[Xi, X 2 ] 
of T, we get 

X t 1 - 1 (\X 1 +JlX 2 ) = e*q*. 

Since X 1 is not a factor of q*, X^ 1 must be a factor of e*. This is a contradiction 
because e* is an homogeneous element of degree t — 2. The conclusion follows. 

Let us prove (2). By contradiction, let 

h h 

x\ = ^2 AjXiXj + ^2 Pj{ x j ~ Uj%\) + ^2 PijXiXj + ox\x 2 + aq. 

j=3 j=3 2<i<j<h 

Since s > t + 1 > 3, this implies 

h h 

XjXiXj + Pj x "j + X! Pij x i x j + a{x\ — ax\x 2 — wx\' t+1 ) G n 3 . 

j=3 j=3 2<i<j<h 

By the analytic independence of x±, . . . ,Xh, all the coefficients of the degree two 
monomials in x±, . . . , Xh must be in n. In particular pj G n for every j = 1, . . . , h. 
This implies that 

x{ G (x 3 , ...,x h ) + (x\x 2 , q) + n s+1 . 

As we did before, we pass to the two dimensional regular local ring T := RJ (x 3 , . . . , Xh) 
whose maximal ideal is still denoted by n and generated by Xi,x 2 . We can write 

x{ = ax\x 2 + aq + (3 (17) 

where {3 G n s+1 . This implies that x\ + awi s f <+1 G (x 2 ,xl +1 ) so that we can write 
x{ + awxl~ t+1 = x 2 a + x\ +1 b for some a,b G T. This gives 

+ aw - = x 2 a. 

Since Xi~ <+1 , x 2 is a regular sequence in T, we get Xi _1 + aw — bx\ = x 2 c for some 
c G T. Hence aw = Xi _1 (fexi — 1) + x 2 c and since w is a unit, we finally get 

a = vx^ 1 + dx 2 

for some v , d G T, v ^ n. Let us use this formula in equation ffTTl) . We get 

X^ = (7X*X2 + (WX*" 1 + Gfe 2 )<? + (3 (18) 

where /3 G tl s+1 and f ^ n. 

We claim now that if for some r > 2 and j > 2 we have, as in ffl8|) with j = s 
and r = t, 

x{ — crx^x 2 — (fx^ 1 + <ix 2 )g G n- 7 
then, for suitable e G T, we get also 

x{ -1 — ax r l ~ 1 x 2 — (vx]" 2 + ex 2 )q G n J ". 
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Since q = x\ — ax\x 2 — wx\ 1+1 , the assumption of the claim implies 

dxl E(x 1 ) + n 1+1 = (xi) + (x^ +1 ). 

Now, since j + 1 > 3 and is a regular sequence, we get d = exi + fx{~ 2 for 

some e, / G T so that x{ — cxx^x 2 — {yx^ 1 + exix 2 )q G n J+1 . Since tv ?+1 n(xi) = xiti-?, 
it follows that 

x{~ — ax^~ 1 X2 — {vx\~ 2 + ex2)<? G n J 

and the claim is proved. 

Starting from (fl8l) . where we let j = s and r = t, we apply £ — 1 times the claim 
and we get 

x\~ t+1 - crx 1 x 2 — (v + gx 2 )q G n s ~* +2 
for some g G T. This implies 

(f + gx 2 )x\ G (xi) + n s - t+2 = (x u x s f t+2 ), 

so that, since s — t + 2 > 3, we get ?;x| G (xi, which is a contradiction because 
v £ n. □ 



Corollary 4.6. Let R be a regular local ring of dimension h > 2, n = (xi, . . . , Xh) 
the maximal ideal of R, s > t + 1 > 3 and a, w 3 , . . . , w^, w & R. Let I be the ideal 
generated by 

{xiXj}j=3,...,h {xiXj} 2 <i<j<h {x 2 - Ujx{} j= ^ h q := x\ - ax x x 2 - wx{~ t+1 ,x\x 2 . 
If U3, . . . , Uh, w ^ n, then the Hilbert Function of R/I is 
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Proof. We have seen in the proof of Lemma H3 that n r C J+ (x^, x\~ 1 x 2 ) for every 
r > 2. This proves that all the powers of n/7 can be generated by two elements. 
By a) of Lemma [4.51 we get Hwi(t) = 2, which implies, by the characterization of 
Hilbert functions due to Macaulay, Hu/i(j) = 2 for every 2 < j < t. Since x\x 2 G I, 
we also have Hn/iit + 1) < 1, which implies Hr/iH) < 1 for every j > t + 1. The 
conclusion follows because x{ ^ I and n s+1 CI. □ 



We are ready to prove the converse of Corollary 14.21 
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Theorem 4.7. Let R be a regular local ring of dimension h > 2, n = (xi, . . . ,Xh) 
the maximal ideal of R, s > t + 1 > 3 and a, w 3 , . . . , Uh, w G R. Let I be the ideal 
generated by 

{XlXj}j=3,...fi {x i X j } 2 <i < j<h {^-«i«?}i=3,...,A £ 2 - a^i^ ~ ^ra^ ^+ ^ a; l :r 2• 
//' ii 3 , . . . , ?/; ^ n, £/ien i?/J is an almost stretched Gorenstein local ring with 
Hilbert function 
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Proof. After the above Corollary we need only to prove that R/I is Gorenstein. 

We let m := n/I and yi :— xl G A — R/I. By Lemma 14.51 we have m j = 
(y{, y{~ y 2 ) f° r every j = 2, . . . t, and m- 7 = (y{) for j — t + 1, . . . , s. We prove the 
theorem in three steps. 

Claim 1. If for some j ^ 1, t, s and some r G m J we have ryi = 0, then r G ttv ?+1 . 
Proof of Claim 1. Let 2 < j < t — 1; then r = \y{ + ^iy\^ 1 y2- We have 

= ryi = \y{ +1 + M2/i2/2- 

Since , y{y2 is a minimal basis of mP +1 , we have A,/iGm and r e m J ' +1 . The case 
t + l<j<s — lis even easier. 

Claim 2. If for some r e m* we have ry\ = ry 2 = 0, then r e m* +1 . 

Proof of Claim 2. Let r = \y\ + ny\~ 1 y 2 . Since y\y 2 = 0, we have = ry 1 = \y\ +1 . 
This implies A G m. On the other hand we have 

= ry 2 = ny\~ X y\ = Mi^iaym + wy s f t+l ) = /Mvyl 
Since w is a unit in A, this implies = ny{ so that n G m. Thus r G m t+1 . 
These two Claims prove that if r G m 2 and ry\ = ry 2 = 0, then r G m s . 

Claim 3. If r G (0) : m then r G m 2 , so that r G m s and A is Gorenstein. 

Proof of Claim 3. Let r G (0) : m; then r G m and we can write r = X^Li Ai?/i. Since 
yvyj = for every j > 3, we have 

= n/i = Ai?/ 2 + A 2 wiw 2 - 

This implies Ai, A 2 G m so that r = X^ =3 A^j + b with 6 G m 2 . 

Since y 2 ?/j = for every j > 3, we get = ryi = byi = ry 2 = by 2 \ by Claim 2 
this implies b G xn s . Since ^7/^ = for every 3 < i < j < h, and m s+1 = 0, we get 

= ryj = \jy) = \jU]y s v 

Since u] is a unit in A, this implies Xjy{ = so that Aj G m and r G m 2 . The proof 
of the Claim 3 and of the theorem is complete. □ 



21 



The structure theorem of almost stretched Gorenstein local rings we have proved, 
can be refined under a mild assumption on the residue field of R. This will be crucial 
for the study of the moduli problem and it is a consequence of the main structure 
Theorem 14.11 and Lemma 13.61 

Proposition 4.8. Let (R, n, k) be a regular local ring of dimension h > 2, and I an 
ideal in R such that R/I is almost stretched Artinian and Gorenstein. Ifk 1 ^ 2 C k, 
then we can find integers s > t + 1 > 3, a minimal system of generators x\, . . . , Xh 
of n and an element a G R, such that I is generated by 

{xiXjjj^.^h {x i x j } 2 <i <j <h {tf - £i}j=3,...,h x 2 2 - axix 2 - x\~ t+1 , x\x 2 . 

Proof. We know that integers s > t + 1 > 3 can be found and a minimal system of 
generators yi, . . . , yh of n can be constructed in such a way that / is generated by 

{>):>);,} j h {yiVj}2<i<j<h {y) - / ./ ■> /- vl ~ kjm - wy s ^ t+1 , y\y 2 . 

with w, W3, . . . , Uh $l n and b G R. By Lemma [3T61 we can find elements v , r 3 , . . . , r^ G 
R such that modulo / we have 

v 2 = (l/w), r^(l/4..,r^(l/4 

From this is clear that v,r 3 , . . . ,r^ are units in R and we can make the following 
change of minimal generators for n : 

Xi = x 2 = vy 2 , x 3 = r 3 y 3 , x h = r h y h . 

We have 

y\ - hyxyi - wy[- t+1 = (xj/v 2 ) - bx^/v) - wxl~ t+1 G /, 

hence x\ — bvx\x 2 — v 2 wxl~ t+1 G /. Since v 2 w — 1 + d with d G /, if we let a := bv , 
we get 

x\ — ax\x 2 — x\~ t+1 G /. 
Further for every j — 3, . . . , h we have 

y) - Ujyl = (xj/rj) 2 - Uj xl G /, 

hence x 2 — r^UjXl G /. Since r^Uj = 1 + e with e G /, we get for every j = 3, . . . , h 

x 2 - x\ G /. 

Hence / contains the ideal generated by 

{Xl%j}j=3,...,h {XiXj}2<i<j<h {x 2 — x\ } j=3 ; ... ) h x\ — aX\X 2 ~x\ t+1 ,x\x 2 . 

Since by Corollary 14 . 61 these two ideals have the same Hilbert function, they coincide. 

□ 
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5 Classification of Gorenstein local algebras with 
Hilbert function (1,2,2,2,1,1,1) 



We have seen in Section [3] that the Cohen-Macaulay type determines the moduli 
class of stretched Artinian local rings. In the case of almost stretched Artinian local 
rings, the problem is not so easy, even in the Gorenstein case. For example it has 
been proved in [1] that if A is Gorenstein with Hilbert function 1, 2, 2, 1, we have only 
two models, namely the ideals / = (x 2 , y 3 ) and / = (xy, x 3 — y 3 ). But already in the 
next case with symmetric Hilbert function 1, 2, 2, 2, 1, we have at least three different 
models, namely two ideals which are homogeneous / = (x 2 ,y 4 ), I = (xy,x 4 — y 4 ) 
and one which is not homogeneous, the ideal / = (x 4 + 2x 3 y, y 2 — x 3 ). 

But things become soon even more complicate, already in the complete intersec- 
tion case, the case h = 2. We are going to study the moduli problem for complete 
intersection local rings with Hilbert function 1, 2, 2, 2, 1, 1, 1. We will see that in this 
case we have a one-dimensional family. 

In the following, (R, n) is a two dimensional regular local ring such that k = R/n 
has the property k 1//2 C k; I is an ideal in R such that A = R/I is Gorenstein with 
Hilbert function 1, 2, 2, 2, 1, 1, 1. We are not going into all the details, better we try 
simply to give an idea of what is going on. 

By the main structure theorem we know that there exists a system of generators 
yi,2/2 °f n an d an element a G R such that, Proposition 14. 8[ 



so that Z\ , z 2 is a minimal system of generators of n. We have 

z x z 2 = (ay 1 - y 2 ){yl + ay 2 ) = -a(y 2 - ay x y 2 - y 4 ) - y\y 2 G /. 

Since / contains the product of two minimal generators of n, then there exists a 
system of generators x, y of n such that 



Case 2: a G n. In this case, we write a = byi + cy 2 , and choose v G R such that 
1 — q/i = v 2 modulo /, Lemma 13.61 Notice that v £ n, so that we can change the 
generators as follows 



i = (yfy2,yi - aym-y{)- 



Case 1: a ^ n. Let us change the generators as follows: 

z\ = ay 1 - 2/2, z 2 = y\ + ay 2 . 



We have 



d := det 




I = (xy,y 4 - x 6 ). 



xx = 2/i, 



%2 = vy 2 
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and prove that 

/ = (xfx 2 , x\ — dx\x 2 — x\) 

with d = bv~ l G R. 

Case 2a: den. In this case we write d = fx 1 + ex 2 and choose v G R such that 
v 2 = 1 — ex\ modulo I. It is clear that v ^ n so that we can change the generators 
of n by letting 

x — xi, y = vx 2 . 

Then it is easy to prove that 

I = (x 3 y,y 2 - x 4 ). 

Let now consider the case d n. We distinguish two subcases, d 2 + 4 e n and 
d 2 + 4 ^ n. We first assume that 

Case 2bl: d 2 + 4 e n. In this case we have modulo I 

(x 2 - (d/2)xl) 2 = x\ + {d 2 /A)x\ ^ x\{\ + (rf 2 /4)) = ex\ 
with e G -R. It follows that if we let 

l:=x 2 - {d/2)x\ + {e/d)x\ + (e 2 /rf 3 )x 4 
then I 2 <E I. Modulo / we have 

x \l = x l( X2 - (d/2)xj + (e/d)a^ + (e 2 /rf 3 )x 4 ) = -(d/2)a;f + (e/d)a;f = 

= x\(-d/2 + (e/d)x 1 ) = vx\ 

with f ^ n. It follows that J = (I 2 , x\l — vx\) C J. Next we prove J — I. 

Notice that x, I form a minimal system of generators of n and we denote by L 
the initial form of I in the associated graded ring gr n (R). In order to prove that 
/ = J we need to show that the Hilbert function of Rj J is 1, 2, 2, 2,1,1, 1. We have 

(x 3 l,l 2 ) c r c r, 

so we have to prove that 

Z 7 G J. 

Notice that, modulo J, we have 

vx 7 = x 5 l = v" 1 ^ 3 / 2 ) = 0. 

Hence x 7 G J, so (I 2 , x\l — vx\) = I. 
Now we have 

(/ 2 , x\l - vx*) = (I 2 , {x\l/v) - x\) = ((l/v) 2 , x\{l/v) - x\). 
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If we let x := l/v , y = x\ then n = (x, y) and 

/ = (x 2 ,xy 3 -y 5 ). 



Case 2b2: d 2 + 4 ^ n. We can find c, e G i? \ n such that modulo J we have 
c 2 = d 2 + 4 and e 2 — — (2/c), Lemma [3761 We let p := d/c and change the generators 
of n by letting 

x = (xi/e), y = x 2 +p(xi/e) 2 . 

We get 

x\ = xe, %2 = y — px 2 

so that modulo / we get 

^ x\x 2 = x 3 e 3 (y - px 2 ) = e 3 (x 3 y - px 5 ) 
which implies x 3 y — px 5 G /. Further 

= x\ — dx\x 2 — x\ = (y — px 2 ) 2 — dx 2 e 2 (y — px 2 ) — x 4 e 4 = 
= y 2 - x 2 y{2p + de 2 ) + x A {p 2 + de 2 p - e 4 ) ^ y 2 - x A 

because 

2p + de 2 = 2(d/c) + de 2 S 2{d/c) - 2(d/c) = 

and 

p 2 + de 2 p - e 4 = (d 2 /c 2 ) + (d/c)d(-2/c) - (4/c 2 ) = -(d/c) 2 - (2/c) 2 9* -I. 
This proves that J := (x 3 y — px 5 , y 2 — x 4 ) C I. We remark that 
p 2 - 1 = (d/c) 2 -l = (d 2 - c 2 )/c 2 -(2/c) 2 , 

and this implies 

p 2 - 1 ^ n. 

In order to prove that / = J we need to show that the Hilbert function of R/J 
is 1,2,2,2,1,1,1. We have 

(X 3 Y,Y 2 ) CJ*C I*. 

Further 

y(x 3 y — px 5 ) — x 3 (y 2 — x 4 ) = —pyx 5 + x 7 G J 
which implies x 5 y — (l/p)x 7 G J. Thus we have 

1 - V 2 

x 2 (x 3 y -px 5 ) - (x 5 y - (l/p)x 7 ) = —x 7 G J. 



25 



From this we get x 7 G J, hence 

(X 3 Y,Y 2 ,X 7 ) C J* C I*. 
These ideals have the same Hilbert function so that we finally get 

/ = (x 3 y — px 5 , y 2 — x 4 ) 

with 

p n, p 2 - 1 n. 

We have thus found three models (Case 1, Case 2a, Case 2bl) and a one dimen- 
sional family, Case 2b2. We summarize the models in the following table 



Case 1 


I=(xy,y 4 -x«) 




Case 2 a 


I = (x 3 y, y 2 — x 4 ) 




Case 2bl 


I = (x 2 , xy 3 — y 5 ) 




Case 2b2 


I = (x 3 y — px 5 , y 2 — x 4 ) 


p £ n and p 2 — 1 ^ n 



At this point a natural question is whether we can pass from a model to another 
by a changing of generators of n. 

For example, the model I = (xy, y 4 — x 6 ) of Case 1 cannot be reached by any of 
the other models, because it is quite easy to see that, however we choose the element 
a G n, the ideal {x 3 y, y 2 — axy — x 4 ) does not contain the product of two minimal 
generators of the maximal ideal n. 

We are able to prove that all the models we have found are indeed non isomorphic, 
but here we give a proof only for the ideals in the family of Case 2b2. 

Proposition 5.1. Letp,q G R such that p, q,p 2 — 1, q 2 — 1 ^ n. Ifn = (x,y) = (z,v) 
and (x 3 y — px 5 , y 2 — x 4 ) = (z 3 v — qz 5 , v 2 — z 4 ) then p 2 — q 2 G n. 

Proof. Let / := (x 3 y — px 5 ,y 2 — x 4 ); we will use the equalities (n/I) 3 = (x 3 ,x 2 y), 
(n//) 4 = (x 4 ), (n/I) 5 = (x 5 ). 

We first use the generators v 2 — z 4 to get v 2 G n 4 + / C (y,x 4 ). This implies 
v G (y, x 2 ) so that v = ex 2 + by, with b n. Since modulo / we have 

v 2 = e 2 x 4 + 2ebx 2 y + b 2 y 2 ^ e 2 x 4 + 2ebx 2 y + b 2 x 4 , 

we get 2ebx 2 y G n 4 + / which gives e G n and finally 

v = ax 3 + by 

with a G R, b £ n. We also have z = cx + dy with 

det = adx 2 — be ^ n 

26 



which implies c ^ n. 

Now, modulo /, we have = v 2 — z 4 = b 2 x 4 — c 4 x 4 + 1 with ten 5 which implies 
b 2 — c 4 G n. We also have 

= z 3 v - qz 5 = z 3 {v - qz 2 ) = c 3 bpx 5 - qc 5 x 5 + f 

with / G n 6 . This implies c 3 bp — qc 5 G n, hence bp — qc 2 G n. Since b 2 — c 4 G n we 
easily get the conclusion p 2 — q 2 G n. □ 

With the methods explained before we can manage also the case with Hilbert 
function 1,3,2, 1. This case was the unique left case in order to classify, up to iso- 
morphism, Artinian Gorenstein k-algebras of degree 7. Thus we can solve Question 
4.4. of PQ. We prove that if R/I is Gorenstein with Hilbert function 1, 3, 2, 1, then, 
after a possible change of generators of n, either 

I = (xy,xz,yz,x 3 — y 3 , z 2 — y 3 ) or I = (x 3 ,y 2 ,yz,xz,z 2 — x 2 y). 
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